Abstract. We prove a sharp structural result concerning finite colorings of pairs in well-founded trees.
Introduction
The two most classical theorems in Ramsey theory are as follow: Here, for a given set M , [M ] n+1 denotes the set of n + 1-element subsets of M . Since then, Ramsey theory has developed into a rich area of mathematics concerned with the following general type of question: Given some target "size," how large much some object be to guarantee a substructure having the target size which has some strong regularity property? The notion of size in both parts of Theorem 1.1 is cardinality. In (i), the target cardinality is ℵ 0 , while in (ii) it is r + 1. In this work, the objects of interest to us will be well-founded trees, and our notion of "size" will be the rank of the tree. We will color the linearly ordered pairs in the tree and hope to find subtrees of large rank with monochromatic pairs. Our argument is, under certain conditions on the ordinals α i , to view a tree of rank α 0 α 1 as a "tree of trees." We will think of partitioning subsets of this tree into subtrees of rank α 0 in such a way that the members of the partition become nodes of a tree of rank α 1 . More generally, given a tree of rank α 0 α 1 . . . α n , we will view this as being a "tree of trees of . . . of trees." At the highest resolution, we see a single tree of rank α 0 . Zooming out one level, we see a tree of rank α 0 α 1 . Zooming out two levels, we see a tree of rank α 0 α 1 α 2 , etc. The lowest resolution is, of course, the entire tree of rank α 0 . . . α n . We then define the separation of two linearly ordered nodes in the tree to be the lowest resolution which allows us to see both nodes at once. That is, the separation of two nodes s and t of the tree is defined to be 0 if both s and t live in the same subtree of rank α 0 . The separation is 1 if they live in separate subtrees of rank α 0 , but the same subtree of rank α 0 α 1 , etc. Our primary structural result is that we can stabilize any coloring of pairs on a subtree of a tree of a certain rank in such a way that the color of a pair is determined by the separation of that pair. In what follows, for a tree P and a pair (s, t) in the tree, ς P (s, t) denotes the separation, which we formally define in Section 3. Also, for 1 n ∈ ω, Λ n (P ) = {(t 0 , . . . , t n−1 ) ∈ Π i∈n P : t 0 < . . . < t n−1 }. Theorem 1.2. Suppose P is a tree and k, l ∈ ω. Suppose also that there exist ordinals ε 0 . . . ε l such that rank(P ) = ω Then there exist a subtree Q of P and a function F : l + 1 → k + 1 such that rank(Q) = rank(P ) and for each (s, t) ∈ Λ 2 (Q), ς Q (s, t) = ς P (s, t) and F (ς Q (s, t)) = f (s, t).
We will also prove the sharpness of this structural result. , then there exists a subtree R of P with rank(R) = α such that f | Λ2(R) ≡ j.
(ii) Let F : l + 1 → k + 1 be a function. Fix ε 0 . . . ε l and a tree P with rank(P ) = ω
, and Q is any subtree of P such that f | Λ2(Q) ≡ j, then rank(Q) α.
We also obtain as a corollary of Theorem 1.2 a new proof of the stabilization result from [1] , which was used to prove that certain classes of weakly compact operators are algebraically closed. In what follows, for 1 n ∈ ω, let R n denote the class of all ξ ∈ Ord such that if P is any tree with rank(P ) = ξ, k ∈ ω, and f : Λ n (P ) → k + 1 is any function, then there exists Q ⊂ P with rank(Q) = rank(P ) such that f | Λn(Q) is constant.
Our hope is that, in addition to providing new structural information not contained in the proof of Theorem 1.4 found in [1] , our method of proof of Theorem 1.2 will provide a new approach which will be useful in providing an explicit description of R 3 , R 4 , . . ., which, to our knowledge, are unknown.
The basics
Throughout this work, Ord will denote the class of ordinals. We will assume a basic knowledge of ordinals. Each of the facts we state about ordinals can be found in [2] .
For us, a tree will be a partially ordered set (P, ) such that for each t ∈ P , the ancestor set A P [t] := {s ∈ P : s t} is finite and linearly ordered. Throughout, given a tree P , we will assume each subset of P is endowed with the same order as P , and is therefore also a tree. Given a tree P , we let Roots(P ) denote the set of minimal members of P . That is, the set of t ∈ P such that A P [t] = {t}. Of course, we refer to the members of Roots(P ) as the roots of P . Given t ∈ P , we let P [t] = {s ∈ P : t s}
and P ]t[= {s ∈ P : t < s}.
We let Leaves(P ) denote the set of maximal members of P . That is, Leaves(P ) denotes the set of those t ∈ P such that P ]t[= ∅. Given a tree P and t ∈ P , we let |t| P = |A P [t]|. For 1 i |t| P , we let t| P i = s i , where A P [t] = {s 1 , . . . , s |t|P } and s 1 < . . . < s |t|P . We recall from the introduction that Λ 2 (P ) = {(s, t) ∈ P × P : s < t}.
We also define Π(P ) = {(s, t) ∈ P × Leaves(P ) : s t}.
Given a tree P , we let P ′ = P \ Leaves(P ). We then define by transfinite induction the higher order derived trees P ξ by
and if ξ is a limit ordinal,
Of course, if ζ ∈ ξ, P ξ ⊂ P ζ . From this it follows that there must exist ξ ∈ Ord such that P ξ = P ξ+1 = P ζ for all ξ ∈ ζ. In this case, we say P stabilizes at P ξ . We say P is well-founded if P stabilizes at ∅, and ill-founded otherwise.
Fact 2.1. Let P be a tree. P is-ill founded if and only if there exist t 0 < t 1 < t 2 < . . . such that t i ∈ P for all i ∈ ω. In particular, if P is well-founded and s ∈ P , then P [s] ∩ Leaves(P ) = ∅.
Another way of stating the previous fact is that a tree P is ill-founded if and only if it has a subset order isomorphic to ω. From this it it easy to see that the following is equivalent to Theorem 1.1(ii). The following fact is the reason we are only concerned with well-founded trees, since the ill-founded tree cases is already completely solved. Fact 2.2. For any n, k ∈ ω, any ill-founded tree P , and f :
For each tree P , we let rank(P ) = {ζ : P ζ = ∅}, which is a downward closed class of ordinals. Then P is well-founded if and only if rank(P ) is an ordinal, and in this case rank(P ) = min{ξ : P ξ = ∅}. Moreover, P is ill-founded if and only if rank(P ) = Ord. It is obvious that if
whence rank(Q) rank(P ).
Example 2.1. For two ordinals α, β, let
We define the order on I(α, β) by letting (ζ 0 , . . . , ζ m ) (ξ 0 , . . . , ξ n ) if m n and ζ i = ξ i for all i ∈ m + 1. Note that I(α, β) = ∅ if and only if α β. It is evident that Leaves(I(α, β)) = {(ξ 0 , . . . , ξ n ) ∈ I(α, β) : ξ n = α}, and I(α, β) ′ = I(α + 1, β). This is the successor step of an easy induction argument which shows that for any ordinal ζ, I(α, β) ζ = I(α + ζ, β). Therefore if ζ is the unique ordinal such that α + ζ = β, rank(I(α, β)) = ζ.
In particular, rank(I(0, ξ)) = ξ.
For a well-founded tree P and t ∈ P , we let τ P (t) = sup{ξ : t ∈ P ξ }. We note that this supremum is actually a maximum, since otherwise ζ = sup{ξ : t ∈ P ξ } is a limit ordinal and
which is absurd. Since τ P (t) is a maximum, it follows that τ P (t) ∈ rank(P ) for all t ∈ P . More generally, for an ordinal β > 0, a tree P , and t ∈ P , we let τ P,β (t) = sup{ξ : t ∈ P βξ }.
Given a tree P and a subset M of P , we let M ↓ P = {s ∈ P : (∃t ∈ M )(s t)}. We say M ⊂ P is downard closed in P provided that M ↓ P = M .
If P is a tree, M is a set, and for each t ∈ M , P t ⊂ P is given, we use the notation ∐ t∈M P t to refer to the tree ∪ t∈M P t as well as the assertion that this union is a totally incomparable union. That is, for distinct s, t ∈ M and a ∈ P s and b ∈ P t , a b and b a. For any tree,
The following facts are either standard facts about trees or follow from trivial induction proofs. We omit the routine proofs. (i) If ξ is a limit ordinal and M is a cofinal subset of ξ, then
(ii) For any ordinal ζ, P ζ is downward closed in P .
(iii) For any ordinals β, γ, (P β ) γ = P β+γ .
(iv) If P is well-founded and s, t ∈ P with s < t, then τ P (s) > τ P (t).
(vi) If ∐ t∈M P t ⊂ P , then for any ordinal ζ,
(viii) For t ∈ P and any ordinal ζ,
(ix) For an ordinal ζ, t ∈ Leaves(P ζ ) if and only if rank(P ]t[) = ζ if and only if τ P (t) = ζ.
Assorted Lemmata
We recall that any non-zero ordinal ξ admits a Cantor normal form, which is a representation of the form
where l ∈ ω, 0 < n i ∈ ω, and α 0 > . . . > α l . By replacing ω α n with ω α + . . . + ω α , we may represent any non-zero ordinal ξ as
We recall that a gamma number is an ordinal which is not the sum of two smaller ordinals. Any gamma number must be either 0 or ω ξ for some ordinal ξ. In particular, the infinite gamma numbers are precisely the ordinals of the form ω ξ for some non-zero ξ. In light of the previous paragraph, infinite gamma numbers are precisely those ordinals which admit a representation of the form
for some l ∈ ω and ε 0 . . . ε l . In this case, we let λ(γ) = l + 1. In the sequel, if γ is an infinite gamma number and we write γ = ω ω ε 0 . . . ω ω ε l , it will always be assumed that this product representation of γ has
Given an infinite gamma number γ = ω ω ε 0 . . . ω ω ε l , a tree P with rank(P ) = γ, and j ∈ λ(γ), we define
By convention, the empty product is 1. In particular, if j = l,
Note that ̺ P,l (s) = 0 for every s ∈ P , so l ∈ {j ∈ λ(γ) : ̺ P,j (s) = ̺ P,j (t)} for every (s, t) ∈ Λ 2 (P ). Thus the set in the definition of ς P is non-empty.
We define λ(1) = 0. If rank(P ) = 1, we may define ̺ P,0 (s) = 0 = τ P (s) for all s ∈ P . In this case, we define ς P to be the empty function, since Λ 2 (P ) = ∅.
We will discuss here two methods for defining trees with prescribed properties.
Remark 3.1. Suppose that we have a non-zero gamma number γ, n ∈ ω, and a tree P with rank(P ) = γ(n+ 1). Suppose also that we have a subset D ⊂ P γn such that rank(D) = rank(P γn ) and
. Furthermore, suppose that for each t ∈ Leaves(P ζn ), we have a subset
). For each s ∈ Leaves(D), fix t s ∈ Leaves(P γn ) such that s t s and let
Then Q has the following properties.
Item (ii) is immediate from the definition. For (iii), note that for each s ∈ Leaves(D), τ Q (u) = τ Dt s (u) for any u ∈ D ts and τ P (u) = τ P ]ts[ (u). Together these facts imply that for i ∈ n and (u,
Finally, we remark that for (s,
Remark 3.2. Suppose that we have a non-zero gamma number γ, 0 < r ∈ ω, and a tree P with rank(P ) = γr. Suppose also that for some p ∈ ω, we have
Then we let Q p = P γq(p) \ P γ(q(p)+1) . Supposing that for some i ∈ p, Q i+1 has been defined, we let
Let Q = ∪ i∈p Q i . Then Q has the following properties.
First, we note that for any i ∈ p,
From this we can inductively deduce that for each i ∈ p and t ∈ Leaves(Q i+1 ), Q γi = ∪ i j∈p+1 Q j and
has rank γ. This yields item (i). Item (ii) is follows immediately from the definition. For item (iii), note that this is vacuous if γ = 1. Assume γ > 1 and write γ = ω
and
These equalities yields that
for all i ∈ p + 1 and (
Lemma 3.3. Let P be a well-founded tree and k ∈ ω.
Proof. (i) For any j ∈ k + 1, rank(M j ↓ P ) rank(P ), so in order to deduce that rank(M j ↓ P ) = rank(P ), we need only show that rank(P ) rank(M j ). We prove the claim by induction on rank(P ). If rank(P ) = 0, we may take j = 0 and note that M 0 ↓ P = P = ∅ and τ M0↓P = τ P is the empty function.
If rank(P ) = 1, fix any j ∈ k + 1 such that M j = ∅ and fix t ∈ M j . Let Q = {t}. Then Q ∩ M j = {t} = Leaves(Q) and τ Q (t) = 1 = τ P (t).
If rank(P ) = ξ + 1 for some ξ > 0 and the assertion holds for all trees with rank ξ, fix t ∈ P ξ . Obviously
the inductive hypothesis yields the existence of some j ∈ k + 1 and
and rank(Q) = ξ + 1. Finally, since t is not a leaf in
Suppose rank(P ) = ξ is a limit ordinal and the assertion holds for all trees with rank less than ξ. For each t ∈ Roots(P ), applying the inductive hypothesis to P [t], which has rank strictly less than ξ, we deduce the existence of some j t ∈ k + 1 and Q t ⊂ P [t] such that rank(Q t ) = rank(P [t]), Leaves(Q t ) = M jt ∩ Q t , and τ Qt = τ P [t] | Qt . For each j ∈ k + 1, let R j = {t ∈ Roots(P ) : j t = j}. Since {rank(P [t]) : t ∈ Roots(P )} = {rank(Q t ) : t ∈ Roots(P )} = {rank(Q t ) : t ∈ ∪ j∈k+1 R j } is cofinal in ξ, there must exist j ∈ k + 1 such that {rank(Q t ) : t ∈ R j } is cofinal in ξ. Let Q = ∐ t∈Rj Q t . Then since this is a totally incomparable union, rank(Q) = sup{rank(Q t ) : t ∈ R j } = ξ,
(ii) Also by induction on rank(P ). If ξ = 0, the result is vacuous. If ξ = 1, fix any t ∈ P = Leaves(P ) and let Q = {t} and F (t) = f (t, t). This is easily seen to satisfy the conclusions, since Π(Q) = {(t, t)} and τ Q = τ P | Q ≡ 1, and Leaves(Q) = Q = Q ∩ P = Q ∩ Leaves(P ).
Suppose rank(P ) = ξ + 1, ξ > 0, and the result holds for all trees of rank ξ. Fix t ∈ P ξ . By applying the result to the function f | Π(P [t]) , we deduce the existence of some Q ⊂ P [t] = ξ and F 1 : Q → k + 1 such that rank(Q) = rank(P ), τ Q = τ P [t] | Q , Leaves(Q) = Q ∩ Leaves(P ), and F 1 (s) = f (s, u) for any (s, u) ∈ Π(Q). Now for each j ∈ k + 1, let
By (i), there exist j ∈ k + 1 and
and Leaves(R 1 ) = M j ∩ R 1 . Now let R = {t} ∪ R 1 and define F : R → k + 1 by letting F (t) = j and F (s) = F 1 (s) for all s ∈ R 1 . Then rank(R) = rank(R 1 ) + 1 = ξ + 1,
Finally, suppose that rank(P ) = ξ is a limit ordinal and the result holds for all smaller ordinals. For each t ∈ Roots(P ), by applying the inductive hypothesis to f | Π(t) , for each t ∈ Roots(P ), we find Q t ⊂ P [t] with rank(Q t ) = rank(P [t]) and F t : Q t → k + 1 satisfying the conclusions. Then let Q = ∐ t∈Roots(P ) Q t and
Lemma 3.4. Fix n, k ∈ ω. If γ is a non-zero gamma number, P is a tree with rank(P ) = γ(n + 1), and f : P → k + 1 is a function, there exist Q ⊂ P and F : n + 1 → k + 1 such that for all i ∈ n + 1,
Proof. For ξ = γ(n + 1), where γ is a non-zero gamma number and n ∈ ω, we prove the statement S ξ : For any k ∈ ω, any tree P with rank(P ) = ξ, and any function f : P → k + 1, there exist Q and F : n + 1 → k + 1 as in the lemma. If it were not so, there exists a minimum ξ = γ(n + 1) for which S ξ fails. Fix a tree P with rank(P ) = γ(n + 1), k ∈ ω, and f : P → k + 1 witnessing the failure of S ξ . Case 1, γ = ω 0 and n = 0: Then rank(P ) = 1. Fix t ∈ P and let Q = {t} and F (0) = f (t). This choice of Q and F satisfy the conclusion of the theorem, and this contradiction proves that Case 1 is impossible. Case 2, γ = ω δ+1 for some δ, and n = 0: Let R = {t ∈ Roots(P ) : rank(P [t]) ω δ (k + 1)} and note that
For each t ∈ R, let n t = max{n ∈ ω : rank(P [t]) ω δ (n + 1)(k + 1)} and note that {n t : t ∈ R} is cofinal in ω. For each t ∈ R, let Q t = P [t] \ P [t] ω δ (nt+1)(k+1) and note that for each i ∈ (n t + 1)(k + 1),
) and rank(Q t ) = ω δ (n t + 1)(k + 1). By the minimality of ξ, there exist a subset D t of Q t with rank(D t ) = rank(Q t ) = ω δ (n t + 1)(k + 1) and a function F t : (n t + 1)(k + 1) → k + 1 such that for each i ∈ (n t + 1)(k + 1) and (s, u) ∈ D
Note that there exist 0 s t (0) < . . . < s t (n t ) < (n t +1)(k+1) and j t ∈ k + 1 such that F t (s(i)) = j t for all i ∈ n t + 1. Define
Assuming that for some i ∈ n t , R t,i+1 has been defined and let
Let R t = ∪ i∈nt R t,i . Note that f | Rt ≡ j t , rank(R t ) = ω δ (n t + 1), and for each i ∈ n t and (s, u) ∈
Now for each j ∈ k + 1, let S j = {t ∈ R : j t = j} and note that there must exist j ∈ k + 1 such that {n t : t ∈ S j } is cofinal in ω. Let Q = ∐ t∈Sj R t and F (0) = j. This choice of Q and F satisfy the conclusion of the theorem, and this contradiction proves that Case 2 is impossible.
Case 3, γ = ω ζ , ζ a limit ordinal, and n = 0: For each t ∈ Roots(P ), let ζ t = max{ζ :
ζt . Note that {ζ t : t ∈ Roots(P )} is cofinal in ζ. By the minimality of ξ, for each t ∈ Roots(P ), there exist F t : 1 → k + 1 and
and F t (0) = f (s) for all s ∈ D t . Now for each j ∈ k + 1, let R j = {t ∈ R : F t (0) = j}. Note that there must exist some j ∈ k + 1 such that {ζ t : t ∈ R j } is cofinal in ζ. Then let Q = ∐ t∈Rj D t and F : 1 → k + 1 be given by F (0) = j. This choice of Q and F satisfy the conclusion of the theorem, and this contradiction proves that Case 3 is impossible. Case 4, n > 0: For each t ∈ Leaves(P γn ), rank(P ]t[) = γn. By the minimality of ξ, there exist Q t ⊂ P ]t[ and a function F t : n → k + 1 such that rank(Q t ) = γn and for each i ∈ n and (s,
and f (s) = F t (i). Now for each G : n → k + 1, let M G = {t ∈ Leaves(P γn ) : F t = G} and note that there exist G : n → k + 1 and R ⊂ P γn such that rank(R) = γ, Leaves(R) = M G ∩R, and τ R = τ P γn | R . This yields that ς Pγn (s, u) = ς R (s, u) for all (s, u) ∈ Λ 2 (R). By the minimality of ξ, there exist D ⊂ R and
, and rank(D) = γ. Now for each s ∈ Leaves(D), fix t s ∈ Leaves(R) ⊂ M G such that s t s . Now let
and F : n + 1 → k + 1 be given by F (i) = G(i) if i ∈ n and F (n) = j. This choice of Q and F satisfy the conclusion of the theorem, and this contradiction proves that Case 4 is impossible.
Remark 3.5. It is an easy consequence of the previous lemma that R 1 is simply the gamma numbers. Indeed, each gamma number lies in R 1 by the first three cases of the previous proof. For the converse, if ξ is not a gamma number, then there exist α, β < ξ such that α + β = ξ. If P is any tree with rank(P ) = α + β, let B = P α and A = P \ B. Define f :
Lemma 3.6. Fix n, k ∈ ω. If γ is a non-zero gamma number, P is a tree with rank(P ) = γ(n + 1), and f : Λ 2 (P ) → k + 1 is a function, there exist Q ⊂ P with rank(Q) = rank(P ) and a function F :
Proof. We induct on n ∈ ω. If n = 0, we simply take Q = P . Now suppose that for some n > 0, the claim holds for n − 1 and P , f : Λ 2 (P ) → k + 1 are given such that rank(P ) = γ(n + 1). For each t ∈ Leaves(P γn ), we may apply the inductive hypothesis to P ]t[ to deduce the existence of some R t ⊂ P ]t[ and
. Now for each t ∈ Leaves(D), define the function By Lemma 3.4, there exist Q t ⊂ R t and (j l,i ) l∈|t|D ,i∈n ∈ (k + 1) |t|Dn such that rank(Q t ) = γn, for each i ∈ n
and for each l ∈ |t| D and u ∈ Q
n by letting h(t| D l , t) = (j l,i ) i∈n . By Lemma 3.3(ii), there exists a subset C of D and a function H :
, and such that for any (s, t) ∈ Π(C), H(s) = h(s, t). Now by Lemma 3.4, there exist (j i ) i∈n ∈ (k + 1) n and E ⊂ C such that rank(E) = γ,
for all (s, u) ∈ Λ 2 (E), and H| E ≡ (j i ) i∈n . Now for each t ∈ Leaves(E), there exists s t ∈ Leaves(C) ⊂ M G such that t s t . Now let
Corollary 3.7. Fix p, k ∈ ω. Then if r = R(p, 1, k) ∈ ω is the number from Theorem 1.1(ii), if γ is a non-zero gamma number, P is a tree with rank(P ) = γr, and if f : Λ 2 (P ) → k + 1 is any function, then there exist j ∈ k + 1, R ⊂ P with rank(R) = γ(p + 1), and a subset {q(0) < . . . < q(p)} ⊂ r such that for (s, t) ∈ Λ 2 (R),
Proof. Fix a tree P with rank(P ) = γr and a function f :
be as in the conclusion of Lemma 3.6. By the properties of R(p, 1, k), there exist M = {q(0) < . . . < q(p)} ⊂ r and j ∈ k + 1 such that for all
for some i ∈ p, R i+1 has been defined, let
Let R = ∪ i∈p+1 R i .
Several lemmata
Let γ = ω ω ε 0 . . . ω ω ε l be an infinite gamma number. Given a non-empty subset A of l+1 = λ(γ) and a tree P with rank(P ) = γ, we say Q ⊂ P is an A-contraction of P provided that, with A = {a(0) < . . . < a(q)},
for all (s, t) ∈ Λ 2 (Q). We say Q ⊂ P is a ∅-contraction of P if rank(Q) = 1. If γ = 1, the only subset of λ(γ) is ∅. Then a ∅-contraction of a tree P with rank(P ) = 1 is any subset Q with rank(Q) = 1, as in the previous paragraph.
Let us say that a non-zero gamma number γ is acceptable if for any tree P with rank(P ) = γ and any subset A of λ(γ), P has an A-contraction. It is evident that 1 is acceptable, since any tree of rank 1 is a ∅-contraction of itself. 
for each δ, and such that for any (s, t) ∈ Λ 2 (R), exactly one of the following holds:
Proof. We prove the result by induction on ζ. If ζ = 0, the result is vacuous. Suppose ζ = 1 and rank(P ) = γ · 1 = γ. Since γ is acceptable, P admits a B-contraction R. Then by the properties of P and the definition of a B-contraction, rank(B) = β, 0 = τ P,γ (s) for all s ∈ P , and
Suppose that for some ζ > 0, rank(P ) = γ(ζ +1) = γζ +ζ, and the result holds for ζ. Since rank(P γζ ) = γ and since γ is acceptable, there exists a B-contraction Q of P γζ . For each t ∈ Leaves(Q), fix some s t ∈ Leaves(P γζ ) such that t s t . Now since rank(P ]s t [) = γζ, there exists a subtree R t ⊂ P ]s t [ satisfying the conclusions. Let
It is routine to check that R has the desired properties. Now suppose ζ is a limit ordinal and the result holds for all smaller ordinals. For each t ∈ Roots(P ), let
γζt . Then rank(Q t ) = γζ t and
for any (s, u) ∈ Λ 2 (Q t ). Note also that {ζ t : t ∈ Roots(P )} is cofinal in ζ. For each t ∈ Roots(P ), we may fix R t ⊂ Q t satisfying the conclusions applied to Q t with the ordinal ζ t . Then R = ∐ t∈Roots(P ) R t is easily seen to satisfy the conclusions. 
, then since γ is acceptable and rank(P \ P γ ) = γ, we may fix an A-contraction of P \ P γ . It is easy to see that this set is also an
A-contraction of P . Now if l ∈ A, let B = A ∩ l. Apply Lemma 4.1 with ζ = ω ω ε to find R ⊂ P satisfying the conclusions of Lemma 4.1. It is straightforward to verify that this R is an A-contraction of P . Since A ⊂ l + 1 was arbitrary, we are done.
Corollary 4.3. For any gamma number γ, any tree Q with rank(Q) = γ, and any subset A of λ(γ), Q has an A-contraction.
Proof. Corollary 4.3 is equivalent to saying that for any l ∈ ω and any infinite gamma number γ with λ(γ) = l, γ is acceptable. We prove this by induction on l ∈ ω. The l = 0 case is simply the aforementioned fact that γ = 1 is acceptable. Now suppose that for some l ∈ ω, every γ with λ(γ) = l is γ is acceptable. Suppose that ν is an infinite gamma number with λ(ν) = l + 1 and write
with the convention that γ = 1 if l = 0. Then λ(γ) = l, whence γ is acceptable by the inductive hypothesis. Therefore ν = γω Let us say that a non-zero gamma number γ is tractable provided that for any tree P with rank(P ) = γ, any k ∈ ω, and any function f : Λ 2 (P ) → k + 1, there exist a subtree Q of P with rank(Q) = γ and a function F : λ(γ) → k + 1 such that for any (s, t) ∈ Λ 2 (Q),
Note that if γ = 1, λ(γ) = 0 = ∅, so the existence of the function F satisfying the conclusion is vacuous. From this it easily follows that 1 is tractable, since taking Q = P satisfies the conclusions in the case rank(P ) = 1.
Lemma 4.4. Fix k, l ∈ ω. Suppose γ is a non-zero gamma number which is tractable.
(i) If N ∈ ω, P is a tree with rank(P ) = γ(N + 1), and f : Λ 2 (P ) → k + 1 is a function, then there exists a subtree Q of P with rank(Q) = γ(N + 1) and for each i ∈ N + 1 a function
(ii) If n ∈ ω, n(k + 1) λ(γ) + 1 N ∈ ω, P is a tree with rank(P ) = γN , and f : Λ 2 (P ) → k + 1 is a function, then there exist 0 s(0) < . . . < s(n) < N , a function F : λ(γ) → k + 1, and a subtree R of P with rank(R) = γ(n + 1) such that for each i ∈ n + 1,
Proof. (i) We induct on N . If N = 0, this is equivalent to γ being tractable. Suppose that for some 0 < N , the statement holds for N − 1 and rank(P ) = γ(N + 1). By applying the inductive hypothesis to P ]t[ for each t ∈ Leaves(P γN ), we decuce the existence of some
Now for each sequence F := (F i ) i∈N of functions from λ(γ) to k + 1, let
) i∈N }. By Lemma 3.3, there exist F and a subset R of P ζN such that Leaves(R) = M F ∩R, rank(R) = rank(P γN ) = γ, and τ R = τ P γN | R . The last property implies that ς R (s, u) = ς P γN (s, u) for all (s, u) ∈ Λ 2 (R). Write F = (F i ) i∈N . By the tractability of γ, there exist a subset D of R and
. Now for each t ∈ Leaves(D), fix s t ∈ Leaves(P γN ) such that t s t and let
Then the conclusions are satsified with Q and the sequence (F i ) i∈N +1 .
(ii) Fix Q ⊂ P and a sequence (F i ) i∈N of functions from λ(γ) → k + 1 satisfying the conclusions of (i) with N + 1 replaced by N . Now since N n(k + 1) λ(γ) + 1, there must exist F : λ(γ) → k + 1 and 0 s(0) < . . . < s(n) < N such that F = F s(i) for all i ∈ n + 1. Let
Assuming that for some i ∈ n, R i+1 has been defined, let
Finally, to reach the desired contradiction, we note that
It is immediate that Q is equal to this union, since rank(P ) = βω ω εa ν. Let us prove that the union is totally incomparable. If a = l, in which case ν = 1, this is a union of only one set and is obviously totally incomparable. If a ∈ l and if the union is not totally incomparable, then there would exist some η ∈ ν and (s, t) ∈ Λ 2 (Q) such that s ∈ R η and t / ∈ R η . But this means ς P (s, t) > a = max A, contradicting the fact that {ς P (s, t) : (s, t) ∈ Λ 2 (Q)} ⊂ A.
The main theorem
Theorem 5.1. Fix k ∈ ω and an infinite gamma number γ = ω ω ε 0 . . . ω ω ε l . If P is a well-founded tree with rank(P ) = γ and if f : Λ 2 (P ) → k + 1 is any function, there exist a subtree Q of P with rank(Q) = γ and
That is, every infinite gamma number is tractable.
Proof. Suppose the theorem is not true, and let γ = ω Case 1, ε = 0: For each n ∈ ω, let p n = n(k + 1) λ(µ)+1 and let r n ∈ ω be as in the conclusion of Corollary 3.7 with p = p n . Let R = {t ∈ Roots(P ) : rank(P ) µr 1 }. Note that µω = sup{rank(P [t]) : t ∈ Roots(P )} = max{sup{rank(P [t]) : t ∈ R}, µr 1 } = sup{rank(P [t]) : t ∈ R}.
For each t ∈ R, let n t = max{n ∈ ω : rank(P [t]) µp n } > 0.
Note that {n t : t ∈ R} is cofinal in ω. For each t ∈ R, let Q t = P [t] \ P [t] µpn t . By applying first Corollary 3.7 and then Lemma 4.4, we may find D t ⊂ Q t and 0 s(0) < . . . < s(n) n t (depending on t), j t ∈ k + 1, and F t : λ(µ) → k + 1 such that rank(D t ) = µ(n t + 1) and for each i ∈ n t + 1, Now for each G : λ(µ) → k + 1 and j ∈ j + 1, let R G,j = {t ∈ R : F t = G, j t = t}. Note that there exist F : λ(µ) = l → k + 1 and j ∈ k + 1 such that {n t : t ∈ R G,j } is cofinal in ω. Then let Q = ∐ t∈RG,j D t and define F : λ(γ) → k + 1 by F (i) = G(i) for i ∈ λ(µ) and F (l) = j. Then this Q and F satisfy the conclusions of tractability. This contradiction proves that the ε = 0 case is impossible.
Case 2, ε = δ + 1 for some δ: Then γ = µω where the factor ω ω δ appears n times. Let R = {t ∈ Roots(P ) : rank(P [t]) µ}. As in the previous case, we deduce that {rank(P [t]) : t ∈ R} is cofinal in γ. For each t ∈ R, let n t = max{n ∈ ω : µω ω δ n rank(P [t])} and for each t ∈ R, let Q t = P [t] \ P [t] µω ω δ n t . Note that rank(Q t ) = µω ω δ nt , λ(µω ω δ nt ) = λ(µ) + n t , and {n t : t ∈ R} is cofinal in ω. Now for each t ∈ R, there exist D t ⊂ Q t and F t : λ(µ) + n t → k + 1 as in the definition of tractable. Now for each G : λ(µ) → k + 1, let R G = {t ∈ R : F t | λ(µ) = G} and note that there must exist some G : λ(µ) → k + 1 such that {n t : t ∈ R G } is cofinal in ω. For each j ∈ k + 1 and t ∈ R G , let A j,t = {i ∈ (λ(µ) + n t ) \ λ(µ) : F t (i) = j}.
Note that there must exist j ∈ k + 1 such that {|A j,t | : t ∈ R G } is cofinal in ω, since for each t ∈ R G , i∈k+1 |A i,t | = n t . For each t ∈ R G , let B t = A j,t ∪ λ(µ) and let R t be a B t -contraction of D t . Note that rank(R t ) = µω ω δ |Aj,t| .
Let Q = ∐ t∈RG R t and define F : λ(γ) → k + 1 by F (i) = G(i) for i ∈ λ(µ) and F (l) = j. Case 3: ε is a limit ordinal: Let R = {t ∈ Roots(P ) : rank(P [t]) µω}. Note that µω ω ε = sup{rank(P [t]) : t ∈ Roots(P ) = max{sup{rank(P [t]) : t ∈ R}, µω} = sup{rank(P [t]) : t ∈ R}.
For each t ∈ R, let ζ t = max{ζ : rank(P [t]) µω ω ζ t }, and note that {ζ t : t ∈ R} is cofinal in ε. For each t ∈ R, let Q t = P [t] \ P [t]
µω ω ζ t and note that rank(Q t ) = µω ω ζ t < γ. Moreover, ς Qt = ς P | Qt for all t ∈ R. By the minimality of γ, for each t ∈ R, there exist a subset D t of Q t and a function F : λ(µω ω ζ t ) = λ(γ) → k + 1 as in the definition of tractable. Now for each function F : λ(γ) → k + 1, let R F = {t ∈ R : F t = F }. Then there must exist F : λ(γ) → k + 1 such that {ζ t : t ∈ R F } is cofinal in ε. Then Q = ∐ t∈RF D F and the function F satisfy the conclusions in the definition of tractability. This is a contradiction, which finishes the proof.
Theorem 5.1 is optimal in the following sense.
